♦Various authors (Heinhold 1938(Heinhold , 1939 D avenport 1946; Varnavides 1948a) have given results which are more precise than this. In particular, their results give, for a few special quadratic forms, the exact value of the constant, i.e. the least number by which \^jd may be replaced on the right of (1).
I f the coefficients K 0, K x and K 2 of (15) be examined, it will b consists of two parts, one dependent on /?, the other independent of /?. In each case, the former contains one term of high power, e.g. (A2 + 2)4 in the expression for K 0. In deriving K 0, K x and K 2 by the equilibrium method, using the strain exp derived by Timoshenko (1940, p. 354) , it is found th a t some of the terms of lower order dependent on fi differ from those of (15), bu t the term of highest power and those independent of ft are identical. In general, whatever strain expressions are used, the answers derived by the two methods differ only in the coefficients of some of the smaller terms. Moreover, these coefficients are only slightly different numeric ally, when a practical value for or is introduced.
For the field covered by the present paper, namely, h/a -0 to 0*1, A = 0 to 4 and n -2 to 7, the calculated frequencies are found to be practically independent of the strain approximations and method of derivation of the frequency equation. The greatest divergence in frequency recorded by using different strain expressions is only 0-7 %, and for most modes of vibration the difference is considerably less.
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and th a t this would cease to be true if any lesser number stood on the right. The problem can also be expressed in terms of the quadratic field k (a / 7) generated by a / 7. The general integer of this field is £ = x + y^l , where x and y are rational integers, and its conjugate is £' = x -y^l . The result stated above can be expressed in the form: for any real numbers a, b there exists an integer £ of &(a / 7) such th at | |
Our main theorem, which asserts rather more than this, is as follows: where a" = i(7 + 5V7), < = J(7-5 V 7 ),
and o) is any unit of k ( J 7) and £0 is any integer of there are an infinity of solu of (2) with equality, but no solutions with strict inequality. I f a, are not of this special form, there is an integer £ of k ( J 7) which satisfies the more precise inequa
The additional assertions in this theorem tell us th at the result (2) is, in a sense, isolated. An interesting feature about the proof is that, although there is only one * critical case', given by (3), this case arises in the course of the proof in two distinct ways.
In my thesis (1948c), I have obtained a similar result for the form x2 -11 or the field £(^11). This is th at for any real a, b there is an integer £ of £(^11) such th at
The constant here is again the best possible, and the result is again isolated. The 'critical case' has the same form as above, but with a 0 = t£(11 + 7^11).
2.
Proof of the theorem. We fi^st give a proof of the theorem based on a series of lemmas, which will be stated and proved later.
Let a, b be any real numbers. Let M -M(a,b) denote the lower bound of | (£ -a) (£' -b) | for all integers £ of the field 7). In proving the theorem, we may assume that (« ) 1 and have then to prove th a t a and b must have the special form (3). The clauses of the theorem which relate to numbers of this special form are proved separately as lemma 10.
For any positive number e0, there exists an integer £0 of the field such th a t
where 0 < e < e0. We suppose throughout th a t e0 is sufficiently small. We define a, p by
Then, using (6),
1 -e a^|^1-56.
( 8) (9)
Further, by the definition of M and by (7) and (8), we have
for all integers £ of the field. If £ = | = 0, this inequality can be w ritten in the form
We prove th a t if (9), (10) and (11) hold, then a, /? m ust be of certain special forms. Lemma 1 shows th a t by means of certain transformations of a and ft it is enough to consider values of a and ft which satisfy
where r is the fundamental unit of the field. In lemmas 2 to 9 we use (10) or (11), with various integers £ of the field, to prove th a t if (9), (12) and (13) are satisfied, then either a = a 0 and P -a'0 or a. = < x1 and /? = oc[, where a i -^(7 + 3^7).
I t then follows from lemma 1 th a t in the general case, when a and /? are not restricted by (12) and (13), they must have one of the following four forms:
I t now follows from (8) th a t a, b have one of the four forms
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where a) is some unit and £0 some integer of the field. But it is easily verified th at
Consequently, if a , 6 have any one of the four forms in (14), they are also expr in the form (3). This completes the proof of the theorem. 
where r is the fundamental unit of the field. This is lemma 1 of Varnavides (19486).
4.
In the following lemmas 2 to 9, we suppose that (9), (12) and (13) are satisfied, and th at (10) and (11) are satisfied for every integer £ in the field 7), dther than 0. We shall prove that either a = a 0, ft -ft0 or a = I t is convenient to tabulate for reference the numerical values of certain integers of k { .y /7) and their conjugates, and the values of a 0, a^, ot[ (see table 1 ). We note also that the fundamental unit r of k ( * J7 ) is given by r = 8 + 3^7 = £(3 + V7)2 = 16-93725.... 
1-41 <a<4-99,
Proof. By (9), \ a f t| l-5 6 .
Also, by the definition of M and by Heinhold's result, quoted in § 1, we have §. Thus .
This proves (17).
|a/«| (21)
Prom (20) and (13), a 2 -^1-56, T so th a t by (16) < V{l-56r} < V{ 1-56 x 15-94} < 4-99.
Also from (12) These results prove (18).
1-41 <^/(2 -e) ^a .
By use of (18) in (17) we obtain 0 '2 6 6 < f 9 9 < |/? l < m < 1 '11-
Now, to prove (19), we have to prove th a t /?< 0. We consider two cases. 
Also, using (17) and the hypothesis th a t ft and
Multiplying (25) and (26), we obtain |( a -£ -1) ( /? -( £ ) -1)|< 0 -4 8 , which is contrary to (11) with £ = £7.
(ii) Suppose th a t f t> 0 and 1-41 < a < 2-8. Then, by (24) and (17) These contradictions prove th a t (3 < 0 and comple
0-65 < -/?<0-9.
Proof. We write ft = -( 3s o th a t ft >9. Suppo and (19) and our assumption th a t a < 3-2, | a + l |< 4 -2 and |/? + 1 1 = 1 1 <0-11.
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Multiplying, we obtain |( a + l) ( /? + 1 ) | <0*47, contrary to (11) with £ = -1. Thus f t< 0*9.
Now suppose th at a ^ 2-4. Then, by (17),
0-65.
Since 2*4^ a <3*2, | a -fif11 = | a -2*82287... | <0*5; and |A -(^) _1| = 1/5+0*17712... | <0*83.
Multiplying, | (a -£7 -1) (/? -(£0_1) I < 0*42, contrary to (11) with £ -£7. Hence a < 2*4. Now suppose that a < 1*6. Then, by (18), (19) and (29) Multiplying, we obtain | (a -fir1) {ft -(£e)_1) | < 0*11, contrary to (11) with £ = £6, since | £6£g |_1 = £. Thus (27) is proved.
By (17) and (27), ->0*55.
Suppose that ft ^ 0*65. Then, using (27), This proves the lemma. (5 + V 7 )(-V 7 -2 ) P* 9 -3^/7 ' " 9 + 3 / 7
( 8 -/ 7 ) ( 3 -/ 7 ) (8 + /7 )( 3 + / 7 ) Pl -1 9 + 7 /7 ' 7 -1 9 -7 / 7 Now l + A y _ .5 Z % £ I, ! + <r,i -
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and it is clear from the inequalities (27) and (28) and the table th at (£r)-1 and a 0 -(£r)_1 and also /? -(£')-1 and a'Q -(£')_1 have the same si So 1+ pry and 1 +err £ are positive and, by (38) and the inequality of the arithmetic and geometric means,^{ 1 +/>ry + l + u*r^}^l -e, i.e. pry + a r8 -2 e , for 1 ,2 ,6 and 7. (39) Eliminating first 8 and then y from the first and last of the inequalities (39), we obtain (Pi 1071 + / W y > -2e(l 0*71
19 + 7^7 1 9 -7^7 = (4 + V7)(3-V 7)(3 + V7) (4-V 7)(3 + V 7)(3-V 7) (4 + V7)(3 + V7) (4 -V 7 )(3 -V 7) = -2 V7 < 0, the inequalities (40) show that y^C ie, -<72e, for some absolute constants C* and C2. Substituting these bounds for y and 5 in the second or third of the inequalities (39) we obtain 8 < Cse and y > -C4e for some constants (73 and 04. I t now follows from (36) that ( it is clear th a t we can choose a negative rational integer n such th a t
(1 + r 2)-1^ -A ny < 1.
For this value of n ,| 1 + Any | < 1 -(1 + r 2)-1.
Now (47) and (48) are contrary to (45), provided our original choice of e0 was suffi ciently small. Hence we m ust have y ^ 0. Similarly, we suppose th a t 8 < 0, and we consider positiv is bounded and A^ tends to -oo, the ratio being bounded, as n-> + co Arguing as before we obtain a contradiction.
Further,, as n-> + o o, the sequence fin is bounded and ju,'n -> -ao, the ratio being bounded; while as n-> -oo the sequence fi'n is bounded and fin-> pt'n-ilM'n being bounded. Using (46) in place of (45), we deduce th a t # ^ 0 and y ^ 0. Hence y = 8 = 0 and so, by (36), we have established (41). 
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Proof. Suppose th at a < 4. Then 3-2 < a ^ 4 and 
so th at 1 + a 1£~ i * i + £' a t f ' -l 1 -e
|N (a i£ -l)|
We take £ = £r, for r = 4, 5, 9 and 10. Then, by lemma 4, | (1 +prK) (1 +arv) \^l -e = 4, 5, 9 and 10),
where, using (34), '
. ir (9-3V 7)£f g (9+3V?)£; Pr % ot^r-l 2V7£r -9 + 3V7' r a j g -1 -2 j l £ ' r-9 -3 j V ( 53)
